We show that there exists a consistent truncation of 11 dimensional supergravity to the 'massless' fields of maximal (N=4) 7 dimensional gauged supergravity. We find the complete expressions for the nonlinear embedding of the 7 dimensional fields into the 11 dimensional fields, and check them by reproducing the d=7 susy transformation laws from the d=11 laws in various sectors. In particular we determine explicitly the matrix U which connects the Killing spinors to the gravitinos in the KK ansatz, and the dependence of the 4-index field strength on the scalars. This is the first time a complete nonlinear KK reduction of the original d=11 supergravity on a nontrivial compact space has been explicitly given. We need a first order formulation for the 3 index tensor field A ΛΠΣ in d=11 to reproduce the 7 dimensional result. The concept of 'self-duality in odd dimensions' is thus shown to originate from first order formalism in higher dimensions. For the AdS-CFT correspondence, our results imply that one can use 7d gauged supergravity (without further massive modes) to compute certain correlators in the d=6 (0,2) CFT at leading order in N. This eliminates an ambiguity in the formulation of the correspondence.
to 5 and 7 dimensions. A crucial question is whether the AdS 5 × S 5 and AdS 7 × S 4 compactifications allow consistent truncations to the massless sector, because if there does not exist a consistent truncation, massive fields have to be considered for computations of correlators in the corresponding CFT [6] .
de Wit and Nicolai first studied the KK reduction of the original formulation of d=11 sugra [2] , but then they found it advantageous to construct a different formulation of d=11 sugra with a local SU (8) invariance [3] . Because the local SU(8) invariance rotates Bianchi identities into field equations, the action for the SU(8) sugra did not follow directly from the original d=11 action [3] ). For this SU (8) formulation the complete nonlinear KK reduction on AdS 7 × S 4 was given: they proposed nonlinear ansätze and checked the consistency of the KK truncation on AdS 4 × S 7 as far as the bosonic and fermionic transformation rules are concerned. It may be that the SU(8) theory will turn out to be important for future research in string theory, but we prefer to work with the original formulation. The connection was formulated in terms of a matrix U for which they derived an equation, but they only could solve this equation in certain sectors. (ref. [2] a, eq. (3.12) and ref. [2] b, eq. (2.14)).
In this article we analyze the KK reduction of d=11 sugra on AdS 7 × S 4 . This will allow us to go further than the work on AdS 4 × S 7 . As we already mentioned, in ref. [2] d=11 sugra was first reformulated in a form with a local SU (8) × SO (1, 3) in tangent space instead of the usual SO (1, 10) . In our case, we choose not to go through the intermediate step of finding a formulation of 11d sugra with a corresponding local SO(5) invariance, hence we will directly work with the d=11 sugra as it is usually formulated. In this letter we present our main results leaving the details of the calculations for a future publication [9] .
One of the reasons to study the AdS 7 × S 4 case is that we would like to understand the origin of the mysterious 'self-duality in odd dimensions' [10] which appears in various supergravities in odd dimensions. To obtain the action for selfdual tensors one begins with the antisymmetric tensor from d=11 whose action is quadratic in derivatives, and introduces the square of an extra auxiliary antisymmetric tensor field in the lower dimension by hand, rotates both tensors, factorizes the second order field equations into two field equations linear in derivatives, and drops one of the factors. The end product is an action of the form ǫF A + A 2 [10] which is dual to Chern-Simons theory for the abelian case [11] but not for the nonabelian case [12] . In sugra the nonabelian version appears.
T able I Maximal (N=4) sugra in 7 dimensions has a 3 index tensor S αβγ,A (A=1,5) with a self-dual action. Because in the linearized KK reduction one needs to introduce an auxiliary field B αβγ ∼ * B αβγδ in d=7 to construct this action [13] , we will start from a first order formulation for A ΛΠΣ in d=11, and deduce self-duality. The 11 dimensional Lagrangian we start from and its supersymmetry transformations rules are given in the Table I, . It is convenient to redefine F ΛΠΣΩ by introducing an auxiliary tensor density B M N P Q :
The action in table I contains a new first-order formulation as far as the 3-index tensor field A ΛΠΣ is concerned. There exists also a first order formulation of d=11 sugra with an independent spin connection Ω [15] . Initially we tried to deduce the d=7 selfduality from this field Ω, but this did not work [9] . Instead we will work with a second order formalism for the spin connection.
T able II
We expand d=11 sugra around the AdS 7 ×S 4 background given by F µνρσ = 3/ √ 2mǫ µνρσ det( Maximal gauged sugra in d=7 [16] has the action and susy laws of Table II (5) c ).They have the correct mass-terms which ensure 'masslessness' in d=7 AdS space [17] . In (II.1)
and Ω 5 [B] are the Chern-Simons forms for B AB α (normalized to dΩ 3 [B] = (T rF 2 ) 2 and dΩ 5 [B] = (T rF 4 )). The tensor P α ij and the connection Q α ij (appearing in the covariant derivatives ▽ α ) are the symmetric and antisymmetric parts of (
Here D α has both a Q αij and a P αij piece. We begin the KK reduction with the usual ansatz for the 11d vielbein:
where B µ α (y, x) = −2B AB α (y)V µAB (x) with V µAB Killing vectors on S We also redefine the d=11 gravitino field Ψ Λ in terms of a field ψ α (y, x) and a field ψ m (y, x) which lead to the canonical gravitino and Dirac Lagrangians in d=7
We formulate the KK reduction of the fermions in terms of ψ α and ψ m
with strength unity, where
− ) .. numerically equal to (Ω) .. andΩ .. . The matrices γ A and γ i are in both cases given by {iγ m γ 5 , γ 5 }. Furthermore,
where η I are Killing spinors on S 4 (
• Dµ η I = im 2 γ µ η I ). We normalize them toη I η J = Ω IJ . The expansion into spherical harmonics is the same as in [13] except that we added a matrix U I ′ I (y, x) which interpolates between SO(5) g and SO(5) c . In ref [2] , a SU(8) matrix U was found to be needed to obtain consistency of the KK reduction in certain sectors, but then a reformulation of the theory with full local SU(8) invariance was constructed [3] . We introduce the matrix U as in [2] , but we shall not go to a different formulation of d=11 sugra.
For consistency of our results for the transformation rules the matrix U needs to satisfy U
For example (II.2) follows from (I.2) only if (8) holds. Here Ω andΩ are the Usp(4) invariant tensors used to lower and raise the spinor indices, satisfyingΩ
Since Ω is the charge conjugation matrix, this restricts U to be an SO(5) matrix in the spinor representation.
The ansatz for the expression of E m µ into spherical harmonics is found from the result in (II.
The first term in (II.3) gives the following result:
By substituting E µ m back into (9), we get a consistency condition on the matrix U,
11) where the Killing vector V mIJ is given by V m IJ = iV m AB (γ AB ) IJ = −iV m AB (γ ABΩ ) IJ . We note that U=1 is not consistent, therefore we indeed need the matrix U. Using this ansatz, the second term in (II.3) also matches the corresponding term on the left hand side, provided one identifies
where Y A = 1 4 (γ A ) IJη I γ 5 η J is the basic scalar spherical harmonic on S 4 . We can then extract δΠ A i from δ(∆ −6/5 ) and comparison with (II.5) gives another condition on U:
Equations (8), (11) and (13) are all we need to know about U to prove all results on consistency.
At this point we have come in 7 dimensions as far as others in 4 dimensions. However, we have been able to find the solution for U. First of all, we have been able to show that (11) follows from (13) , so that (13) is the crucial equation. The covariant solution of (13) built out of Y A and v i is unique and reads
It was determined by moving one of the U matrices in (13) (8) and (13) leads to (14) . Next we turn to the ansatz for F ΛΠΣΩ . At the linearized level it contains the fluctuations in g µα and g µν , and fluctuations in A αβγ [13] . At the nonlinear level, an ansatz for F ΛΠΣΩ containing only the fluctuations in g µα and yielding the correct Chern-Simons actions in d=7 was given in [18, 19] . We now present the complete expression for F ΛΠΣΩ ; it contains the results of [13] and [18, 19] , and satisfies the Bianchi identities.
Here
To combine the linearized ansatz of [13] with the form for F ΛΠΣΩ obtained in [18, 19] we have added 2 independent closed forms (i.e., expressions satisfying the Bianchi identities). We note that these are the only two modifications to the ansatz for F ΛΠΣΩ in [18, 19] which do not change the Chern-Simons terms for B AB α . Any other modification will generate mixed terms of the Chern-Simons type, involving both B AB α and the scalars or the antisymmetric tensor, terms which are not present in the 7d action.
The precise expression of the 4-form added in the F µνρσ sector is highly constrained. It must reproduce the linearized term in [13] , and it must yield the correct scalar potential in d=7 after integrating over the compact space. In order to perform this integral to which both the Einstein action and the kinetic action of the 3-index photon contribute, we start with the metric in the internal space and its inverse:
A is a conformal Killing vector. We can thus interpret the deformations of the background metric as describing an ellipsoid with the conformal factor ∆ 4/5 , whose axes at a specific point y in the d=7 space time are determined by the eigenvalues of T −1 AB . When setting the gauge fields to zero and disregarding the terms with d=7 space time derivatives, the integral over the compact space of the Einstein action is already of the desired form, namely a linear combination of T 2 and T r(T 2 ).
On the other hand, the integrated kinetic action of the 3 index photon has the form
ǫ µνρσ S is the extra term we need to add in F µνρσ besides its background value. This function S should be of degree zero in T and vanishes in the background. In order that the d=7 scalar potential be of the form (T rT ) 2 − 2T rT 2 , we can only admit terms in S of the form
Requiring agreement with the linearized ansatz yields α = 1/3, while β satisfies the quadratic equation β(β +2/3) = 0 in order to reproduce the d=7 scalar potential. The solution β = 0 does not produce the correct gravitino law, hence consistency requires β = −2/3.
The ansatz for the independent fluctuations A αβγ and the auxiliary field E −1/2 B αβγδ is found by matching the last term in δψ α in (II.6) (the term with S αβγ,A ):
where the first terms in B αβγδ cancel possible ∂ α S βγδ,A and B AB α S βγδ,B terms in δψ ǫ . We also find that ka = − 5 √ 2 9
and kb = − 5 √ 2 72 , fixing the free constants a and b. However, since B αβγδ = 0 has to be an equation of motion we should add to (22) fermion bilinear terms and an FF term to complete the S αβγ,A equation of motion:
At this moment all the ansätze are fixed, and we can verify the remaining terms in the 7d susy transformation rules (II.4,II.6,II.7). This provides a number of independent nontrivial checks on all our ansätze. The calculations involved in these checks will be publised elsewhere [9] . They involve heavy use of the formalism of spherical harmonics [20] .
Finally, let us comment on applications to the AdS-CFT correspondence. The fact that there exists a consistent truncation means that we can use the 7 dimensional gauged sugra action for calculations of correlators of the operators in the 6d (0,2) CFT which correspond to the gauged supergravity fields, at leading order in N. Indeed, consistency of the truncation means that there are no linear couplings of 'massive' fields to the gauged sugra, and so in the tree diagrams of gauged sugra the massive fields will not appear. In [21] , a computation of correlators of chiral primary operators in the CFT was performed, following the work for the AdS 5 × S 5 case in [22] (for other calculations of 3-and 4-point functions see [7, 8] ) . To find the correct CFT behaviour, a nonlinear redefinition of the scalar fields was also needed, which did result in a consistent truncation of the scalar modes to the massless ones. The nonlinear redefinition in d = 7 is equivalent to our nonlinear embedding in d = 11 for the massless modes, but note that the results of [21] are only up to quadratic order (and only for the scalars) whereas we do find a fully consistent truncation to all massless modes. With our results one can extend the calculations of CFT correlators to the other massless (sugra) bosonic sectors and to the fermionic sector.
We expect that we can also find a consistent truncation in the AdS 5 × S 5 case, in which the same comments apply to the correspondence between AdS 5 × S 5 and N=4 d=4 SYM. (Again, a consistent truncation of the scalar modes to the massless ones was implicitly obtained in [22] , by imposing the correct CFT behaviour). Perhaps our methods can also be used to complete the explicit expression for the truncation on AdS 4 × S 7 .
